The generation of optical frequency combs in microresonators is considered without resorting to the mean-field approximation. New dynamical regimes are found to appear for high intracavity power that cannot be modeled using the Lugiato-Lefever equation. Using the Ikeda map we show the existence of multi-valued stationary states and analyse their stability. Period doubled patterns are considered and a novel type of super cavity soliton associated with the multi-stable states is predicted.
Introduction
The generation of optical frequency combs using microresonator devices is currently a hot topic that is attracting a significant amount of research. A mode-locked optical frequency comb can combine an ultra broadband spectrum with coherent and finely resolved comb lines at an equidistant frequency spacing. Microresonator based optical frequency combs have a plethora of potential applications in, e.g., the areas of precision metrology, spectroscopy, optical clocks, wavelength-division multiplexing sources, and arbitrary waveform generation [1] . By enclosing a nonlinear medium within a resonator structure, a wealth of dynamical behaviours appear. Microresonators with a Kerr nonlinearity that are pumped by a continuous wave (CW) laser are known to support bistable CW solutions, as well as both periodic temporal (Turing) patterns and localised cavity soliton solutions. These solutions may be either stable or unstable, depending on the operating regime determined by the power and detuning of the pump laser. Additionally, there exist operating regimes where the intracavity field is chaotic.
Previous work on the generation of optical frequency combs in microresonator devices has primarily focused on the regime where the intracavity power is relatively low. In this case the mean-field approximation is valid, and the dynamics can be accurately modeled using either the Lugiato-Lefever equation (LLE) [2] or using the theory of coupled mode equations [3, 4] . For these approaches to be applicable, it is assumed that the overall cavity detuning, including both linear and nonlinear * tobhan@chalmers.se contributions, remains small during propagation. Particularly, it is assumed that the characteristic nonlinear length scale is much longer than the path length of the cavity. In the present work, we aim to go beyond the LLE and the mean-field approximation, and consider the resonator dynamics when the nonlinear phase-shift is relatively large (of the order of unity).
As a motivation for why it might be prudent to consider microresonator dynamics beyond the LLE, we note that mean-field models have been unable to account for the complete range of dynamical behaviours that have been experimentally observed in resonator devices. Recent experimental work at NIST has e.g. shown examples of frequency combs that are not well described by the LLE [6] . Mean-field models are also unable to account for the period doubling behaviour, which has been observed to occur in dissipative fiber-ring resonators [7] [8] [9] . This period doubling behaviour is distinct from the periodic breathing of cavity soliton type solutions of the LLE, which occurs on a different time-scale that is not associated with the roundtrip time. Period doubling in fiber-ring cavities has been experimentally observed in the periodic switching of the amplitude of output pulses when a fiber-ring resonator is pumped by a synchronised pulse train with large input amplitude [8] . The period doubling sequence is also well known to be an essential component in the route to chaos [7, 10] .
While the lengths of microresonators are generally about four or so orders of magnitude shorter than fiberring resonators, they can display nonlinearities that are several orders of magnitude greater than the χ (3) nonlinearity of silica fiber. This is especially true for microring resonators made of semiconductor materials. The use of highly nonlinear microring resonators with fairly long path lengths, in combination with intense input pump powers, could consequently enable the observation of microresonator dynamics similar to what has previously been observed in fiber-ring resonators.
In the next section 2 we introduce the Ikeda map, which is the basic model system used to describe frequency comb generation beyond the LLE. We use the Ikeda map to analyse the CW solution in section 3 and show that additional stationary states with higher intracavity power appear when compared to the LLE. The stability of these stationary states is investigated in section 4, showing the presence of new parametric instabilities other than the conventional modulational instability for high pump powers. In Section 5 we use the parametric instability to show examples of period doubling behaviour. Thereafter, in section 6, we demonstrate the intriguing possibility of forming super energetic cavity soliton associated with the excited states. Finally, in the last section 7, we summarise the article and present some overall conclusions.
The Ikeda map
In this section we introduce the Ikeda map [11] , which we use to model the dynamics of optical frequency combs without resorting to the mean-field approximation. The map is constructed by combining an ordinary nonlinear Schrödinger equation, for describing the evolution of the envelope of the electric field within a waveguide, together with boundary conditions that relate the fields between successive roundtrips and the input pump field [3, 12] , viz.
Here the independent variables are the evolution variable z, which is the longitudinal coordinate measured along the waveguide and t which is the (ordinary) time. The first equation is the boundary condition that determines the intracavity field E m+1 (t, z = 0) at the input of roundtrip m + 1 in terms of the field from the end of the previous roundtrip E m (t, z = L) and the pump field E in . The path length of the resonator is assumed to be equal to L. Additionally, θ is the coupling transmission coefficient and φ 0 = 2πl − δ 0 is the linear phase-shift, with δ 0 the frequency detuning from the cavity resonance closest to the pump frequency, assumed to correspond to the longitudinal mode number l = 0. Eq.(2) is written in the reference frame moving at the group velocity, with second-order group velocity dispersion coefficient β 2 and nonlinear coefficient γ = n 2 ω 0 /(cA ef f ) (with n 2 being the material Kerr coefficient, ω 0 the angular pump frequency, c the speed of light in vacuum and A ef f the effective mode area), as well a linear absorption coefficient α i . In this work we will for simplicity neglect higher-order dispersion and any frequency dependence of the nonlinear coefficient. However, since Eq. (2) is simply the evolution equation of a straight waveguide it can trivially be extended to include any higher-order effects.
In the usual treatment of microresonator frequency combs, cf. [3, 5] , one proceeds by averaging the map Eqs.(1-2) over one roundtrip in order to obtain the LLE
where the evolution variable z has been replaced by the slow time τ . The coefficient t R is the roundtrip time and α = (α i L + θ)/2 is the total cavity loss.
Since the LLE can be derived from the Ikeda map, the latter is consequently more general. The Ikeda map is easy to simulate using conventional numerical methods for the nonlinear Schrödinger equation such as the split-step Fourier method [13] . However, numerical simulations of the Ikeda map must use a step length that is shorter than the cavity length, which makes it more computationally demanding than the LLE.
The derivation of the mean-field approximation is valid provided that the total cavity detuning is much less than unity, i.e. γL|E| 2 ≪ 1 and δ 0 ≪ 1, see Ref. [12] . The latter condition signifies that the pump detuning from resonance is small, while the former states that the nonlinear phase-shift is also a small quantity, which can be equivalently interpreted as a requirement for the nonlinear length scale L nl = 1/(γ|E| 2 ) to be much longer than the cavity circumference. The average dispersion over each roundtrip should additionally remain small. Note, however, that this does not necessarily imply that the field must be changing slowly inside the cavity, cf. [14] . Below we will investigate some of the new dynamical regimes that appear as the nonlinear length scale becomes comparable to the cavity length, i.e. L nl ≈ L.
Multi-valued stationary solutions
In this section we consider continuous wave solutions of the Ikeda map Eq.(1-2). Particularly, we will consider CW solutions where the intracavity field can decay along the resonator circumference due to intrinsic absorption (α i > 0), but where the same amplitude is reproduced after each roundtrip with the coherent addition of the pump field. Fields that are periodically restored can be considered stationary in the averaged sense of the meanfield theory.
The CW solution of the nonlinear Schrödinger equation (2) that accounts for the field that has propagated around the resonator is given by
, with L ef f = (1− e −αiL )/α i being the effective nonlinear length due to intrinsic absorption (L ef f → L as α i → 0). Assuming that E m+1 (0) = E m (0) = E we find that the intracavity field should satisfy the following fixed point equation
which has a simple geometrical interpretation, see Fig.  1 and Ref. [10] . Meanwhile, the intracavity power must satisfy the following condition
where the roundtrip loss coefficient ρ
The right-hand-side of Eq. (5) has a linear dependence on the intracavity power |E| 2 while the left hand side can be recognised as an Airy function describing resonances whenever φ = 2πn with n an integer. The corresponding bistable steady-state condition for the LLE (3) is given by
A comparison of Eqs.(5-6) is shown in Fig. 2 , where it is seen that the LLE (blue dashed curve) is an excellent approximation for small intracavity powers but that it quickly becomes bad as the power increases. Indeed, from Eq. (5) we see that the intracavity power will have a linear asymptotic dependence on |E| 2 , while Eq.(6) for the LLE predicts that the intracavity power should depend asymptotically on the cubic root of the pump power. The intensity inside the resonator will consequently increase much faster than the LLE predicts. From Fig. 2 we also see that higher-order multi-stable (or excited) states do not necessarily imply that the pump power needs to be large. In fact one finds that excited solutions may even coexist with the low-power bistable response.
The successive intracavity powers for which the pump power has a minimum in Fig. 2, i. e., the least pump power needed to reach a state on a given level, can be found explicitly from Eq. (5) as |E| 2 = (δ 0 + 2πn)/(γL), where n is a positive integer, while the corresponding pump powers are given by
2 /(γL). The pump power required to reach the first excited level is thus a fraction 1 + 2π/δ 0 larger than that required in order to reach the upper level of the bistability curve. Therefore, the observation of excited states is facilitated if the detuning is fairly large. In this article we refer to states with n ≥ 1 as excited states, since the LLE is only able to model the first minimum occurring for n = 0.
We now consider the physical parameters necessary to obtain a nonlinear phase-shift of order unity in microresonator devices. The phase condition φ N L = γLP 0 ∼ 1 depends on the intracavity power P 0 = |E| 2 rather than the pump power. However, from Eq.(5) one can estimate that the power will grow linearly with the resonator finesse, i.e. P 0 ∼ P in F /π. This approximation corresponds to a lower bound for a critically coupled resonator. The phase-shift condition can alternatively be written in terms of the resonator Q-factor and the effective mode area as φ N L ≈ 2 n2 n0 PinQ A ef f ∼ 1. The nonlinear phase-shift is related to the Kerr frequency mode shift as ∆ν N L = φ N L ∆ν F SR /(2π), with a phase-shift of 2π thus able to shift the field to a different resonance. Note that the modes can also experience a thermally induced mode shift, however, this is not taken into account in the current treatment.
Microresonators featuring large mode shifts have in fact already been experimentally demonstrated in the literature. For example, in Ref. [15] a fused silica microtoroid, with a diameter of 80 µm and Q ≈ 2.7 × 10 8 , was used to demonstrate octave spanning comb generation. This resonator had a Kerr frequency shift that was estimated to be as much as 100 GHz at 1 W of input power, while the FSR of the resonator was 850 GHz. The corresponding nonlinear phase-shift would therefore be φ N L ≈ 0.74, which suggests that the mean-field approach may be inaccurate. The comb bandwidth of the same resonator was also theoretically analysed in Ref.
[16], with experimental measurements showing deviations of one order of magnitude from predictions based on the LLE. These large deviations were however attributed to be mainly due to higher-order dispersion.
Linear stability analysis
Optical frequency comb generation in microresonators pumped by a CW laser is initiated by the growth of frequency sidebands above a certain threshold power. These sidebands are symmetrically spaced and occur due to modulational instability (MI) of the pump mode. Because of the cavity boundary conditions, MI in a resonator cavity can display qualitatively different features, compared to the conventional MI in a straight waveguide. This is because the detuning between the resonance frequency of the cavity and the pump frequency, introduces an additional degree of freedom for the phasematching of different four-wave-mixing processes. As a consequence, the steady-state CW solution can become modulationally unstable also in the normal dispersion regime [17] .
An analysis of the linear stability of the steady-state solution in the mean-field limit has been performed by many authors, see e.g. Refs. [4, 18, 19] . However, the LLE does not model the full dynamics of the instabilities that can occur in a resonator cavity described by the Ikeda map. Particularly, one finds that additional unstable frequency bands (resonance tongues) appear at high power. These bands can be associated both with instabilities having the fundamental period and with period doubling instabilities [20] .
In order to investigate the linear stability of steadystate solutions described by Eq.(5), we assume an ansatz of the form
, where the perturbations u m (t, z) and v m (t, z) are real functions. Linearising the nonlinear Schrödinger Eq.(2) we find that the Fourier transform of the perturbations
T should satisfy the following system of linear equations dw m /dz = M w m , with the perturbation matrix
The analytical solution of this system is quite involved in the general case and the stability is most easily investigated numerically. However, in the absence of intrinsic absorption, i.e. α i → 0, the matrix M becomes independent of z and the solution simplifies considerably, see Refs. [20, 21] . In this case one finds that the eigenvalues of M give the conventional MI gain of a straight waveguide, viz.
while the solution of the linear system is given by
In the next step we consider the boundary condition Eq.(1) that the perturbed solution must satisfy and apply the Fourier transform. This leads to w
, where φ = φ 0 + γL|E 0 | 2 and R(φ) is the rotation matrix
We then obtain a system of difference equations for the coefficients
The stability of solutions to this linear system of difference equations with constant coefficients depends, similarly to Eq. (7), on the magnitude of the eigenvalues. The Ikeda map has an instability whenever the modulus of an eigenvalue of Q is larger than unity.
For the case when the intrinsic absorption is neglected these eigenvalues are explicitly given by
where p = cos(φ) cosh(µL) − γ|E 0 | 2 + (β 2 /2)ω 2 sin(φ) sinh(µL)/µ, with µ given by Eq.(8) and the phase-shift φ = φ 0 + γL|E 0 | 2 , see Ref. [20] .
For the general case the stability of the Ikeda map can be determined using a numerical Floquet analysis [14, 22] . This is accomplished by investigating the stability of eigenvalues of the fundamental matrix In Figs. 3-4 we show some some examples of modulational instability gain for both anomalous and normal dispersion. The gain has been calculated numerically using the Floquet method for parameters corresponding to the silica resonator of Ref. [15] mentioned at the end of section 3. Note that even though the magnitude of the intracavity power is very large, the maximum plotted value may actually correspond to pump powers as low as 2 W , owing to the very high finesse F ≈ 10 6 of the resonator. Fig. 3 shows that the modulational instability analysis for the LLE is valid for low intracavity power, but that new unstable sidebands appear as the power increases. The high power parametric instability tongues may correspond to instabilities occurring for either resonant or anti-resonant conditions. The former includes the ordinary CW-MI of the LLE and higher order sidebands, and has its origin in the q + eigenvalue, while the latter comes from the q − eigenvalue and gives rise to a period doubling instability referred to as P2-MI, see Refs. [20, 23] . The P2-MI can be used to convert a continuous wave solution to a period doubled pattern, i.e. an alternation between two different modulated temporal patterns having a period of one roundtrip each. and δ0 = 0. Fig. 4 . Parametric instability tongues of the Ikeda map for the same parameters as in Fig. 3 but with the sign of the dispersion reversed to give normal dispersion β2 = 40 ps 2 km −1 . The cross section shows alternating P2-MI/CW-MI gain bands. Note that the LLE does not predict any instability for these parameters.
Since an optical spectrum analyser performs an averaging over many roundtrips, it may be difficult to experimentally distinguish a stable period doubled frequency combs from an ordinary frequency comb.
While the LLE gives a good approximation for the modulational instability gain occurring at low powers, its accuracy becomes increasingly bad as the power increases. Indeed, the LLE is not able to model either P2-MI instabilities nor higher order CW-MI sidebands. Fig. 4 shows that the period doubling instability is in fact usually the first instability to occur for normal dispersion cavities, except for the case when the detuning has been used to compensate for the phase-mismatch. Moreover, we see that high intensity continuous wave solution may actually be stable in certain narrow regions.
The excited continuous wave steady-state solutions generally correspond to the parameter regions which are stable to plane wave perturbations. However, the stability analysis shows that the new states are usually modulationally unstable (CW-MI and/or P2-MI) for anomalous dispersion, similar to the upper steady-state level in the simple bistable case of the LLE. But since the modulational instability only applies to structures that are sufficiently broad in time, it suggests the intriguing possibility of forming cavity solitons associated with these excited multi-stable states. Indeed, this turns out to be possible under appropriate circumstances and we shall see an example of such excited cavity solitons in section 6.
Period doubled patterns
In this section we give some examples of period doubled patterns. A period doubled CW solution should satisfy a system of equations similar to that of a steady-state fixed point solution, viz.
Here we have defined the half-period fields as A = E m and B = E m+1 . The presence of a period doubled fixed point implies that the field satisfies a functional relation of the form x = F (F (x) ). If the fields in each half-period are equal, i.e. A = B = E (or x = F (x)), there is no period doubling and we recover Eq.(4). From Eq. (12) one finds that the two fields are related to each other through the following resonance condition, see Ref. [24] ,
where φ A,B denotes the phase-shift with the nonlinear term evaluated for A or B, respectively. Period doubled states can occur for relatively low intracavity powers |A| 2 and |B| 2 if the cavity detuning is close to anti-resonant conditions, i.e. φ ≈ π. The above condition (13) also shows that period doubling cannot occur in a linear medium since the denominators cancel each other in the absence of a nonlinear phase-shift.
Two coupled conditions for the intracavity power can be derived, viz.
for A and an analogous condition for B which is obtained by interchanging A and B in the above equation. After solving these equations, the fields can be recovered using the relation A = √ θE in (1 + ρe iφB )/(1 − ρ 2 e i(φA+φB ) ). Period doubled CW solutions are usually only obtained for large input pump powers in microresonator systems where the finesse is high. However, other period doubled patterns can be found at rather modest power levels as a result of period doubling instabilities. An example is shown in Fig. 5 for a microresonator with normal cavity dispersion. The period doubled pattern consists of two identical but out of phase patterns that alternate between each roundtrip. The pattern is found to be stable for the considered operating parameters, but it becomes unstable due to the growth of additional sidebands if the pump power is increased further. Note that the spectrum is constant for the current example since only the spectral phase changes between each roundtrip. 
Localised solutions, cavity solitons
An important question that we have not considered so far is whether or not the Ikeda map has any additional types of localised solutions different from those of the LLE. That the answer to this question should be in the positive can be appreciated from the following line of argument.
It is well known that cavity solitons exist for almost the same range of parameters as the bistable CW solution in microresonators described by the LLE. The reason for this is that a bright cavity soliton consists of a solitary pulse sitting on top of a constant background. This background is a stationary and modulationally stable solution of Eq.(5). Similarly, since cavity solitons are concave at their peak, there should also exist another stationary CW solution that corresponds to two points on the soliton were the second derivative is zero. However, it should be noted that this is only approximately true, due to the phase difference between the soliton and the background. The two points are inflexion points, i.e. points on the soliton profile were the slope of the derivative goes from increasing to decreasing or vice versa. The latter stationary CW level is however not required to be stable against MI as long as the soliton is not too broad. Consequently, it can be understood that one should be in a regime were at least two CW solutions coexist for the same pump parameters in order to find a stationary cavity soliton solution. Similarly, if more than two stationary CW states are present simultaneously, then we can expect that each new level may also be associated with a different cavity soliton state.
To find a cavity soliton associated with an excited CW state we consider operating parameters allowing for three simultaneous steady-state CW levels with positive slope, see Fig. 6 . For the numerical simulations we consider a microresonator with parameters α = θ = 0.01, γ = 100 W/m, L = 0.1 mm, F SR = 100 GHz, β 2 = −500 ps 2 /km, P in = 1 W and δ 0 = 0.6. These parameters are somewhat idealised since we neglect higher order dispersion, but similar parameters could be obtained for semiconductor microrings featuring large nonlinear Kerr coefficients such as e.g. AlGaAs. In Figs. 7-8 we demonstrate a case were two different stable cavity solitons, one conventional LLE soliton and one super cavity soliton associated with an excited state, are obtained and may coexist simultaneously inside the cavity. The two stationary solitons in Figs. 7-8 are found in the same microring using identical pump parameters. The second cavity soliton that is associated with the excited CW level around |E| 2 ≈ 68.8 W in Fig. 6 is seen to be much more energetic than its LLE counterpart, that is associated with the CW power level |E| 2 ≈ 6.4 W , corresponding to the upper bistable CW solution of the LLE. The soliton shown in Fig. 8 has a peak power that is one order of magnitude greater than that of the LLE soliton. At the same time it is also narrower, leading to a mode-locked frequency comb spectrum that is significantly broader than that of the LLE soliton. This is particularly interesting for applications to broadband frequency comb generation, since such super cavity solitons could easily span a bandwidth of more than an octave, and possibly even multiple octaves with appropri- ate dispersion engineering. Other potential applications include multi-state optical buffer memories, cf. [25] .
The intensity of each soliton sans background can be approximated as |E(t)| 2 = P 0 sech 2 (t/T 0 ), with peak intensity P 0 = 2(δ 0 + 2πn)/(γL) and temporal duration T 2 0 = β 2 L/(2(δ 0 + 2πn)) for n = 0, 1. Note that the two solitons were excited numerically by starting with initial conditions close to the final soliton profile. This corresponds experimentally to the injection of a soliton pulse into the cavity. At present it is not clear how super cavity solitons could best be excited in an experimental setting. This and the relation of super cavity solitons to other types of bistable solitons, cf. [26] , will be the focus of future work.
Conclusions
In this article we have presented an analysis of frequency comb generation that goes beyond the mean-field approximation used in the Lugiato-Lefever equation and coupled mode theory. The analysis has been carried out in the context of microresonators but is valid also for dispersive fiber-ring resonators. The LLE is valid only in the limit of small phase-shifts were the nonlinear length scale is much longer than the length of the cavity. Using the more general Ikeda map as a model, we have shown that new multi-valued stationary states appear at high intracavity powers for the CW solution. These states may be present simultaneously as the low power bistable response and do not necessarily require a large pump intensity. The modulational stability of the stationary CW states has been analysed, while taking into account the boundary conditions imposed by the cavity. The stability analysis shows the presence of several parametric instability bands, including period doubling instabilities, at high intracavity power both for normal and anomalous dispersion. An example of how such period doubling instabilities can lead to a stable pattern that alternates between each roundtrip has been demonstrated. Finally, we have predicted a novel type of super cavity soliton solution associated with an excited CW steady-state. These solitons are narrower and more energetic than those of the LLE, allowing for efficient generation of mode-locked ultra wideband frequency combs.
